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Revised version of June 2010 
email: nathan@ dunfield. info 

Abstract 

This note corrects errors in Hatcher and Oertel's table of 
boundary slopes of Montesinos knots which have projec- 
tions with 10 or fewer crossings. 

1 Introduction 

In [HO], Hatcher and Oertel gave an algorithm for com- 
puting the boundary slopes of a Montesinos knot. At 
the end of their paper they provided a table giving the 
boundary slopes for each Montesinos knot in the stan- 
dard table in Rolfsen's book [Rol]. Unfortunately, their 
table contains several (17) errors. These errors were due 
to problems with the computer program that generated 
the table, as well as transcription/printing errors. This 
note provides a corrected table which was generated by 
a completely new computer program. Section 2 con- 
tains the corrected table. Section 3 describes the pre- 
cautions I took in writing the new program. Unfortu- 
nately, not all mistakes in [HO] were found in the original 
1999 version of this note, and this 2010 revision corrects 
several more (details are given in Section 3). Section 4 
describes where the reader can download the new pro- 
gram. 

I thank Allen Hatcher and especially Ulrich Oertel for 
their help with this project. I also thank Thomas Mattman 
and Marc Culler their help with finding and correcting the 
additional errors. 

2 Revised table 

Throughout this section * denotes an entry which differs 
from the corresponding entry in the table in [HO], and 
t denotes one that differs from the 1999 version of this 
note. 

Below are the boundary slopes for those Montesinos 
knots of ten or fewer crossings. Notation follows [HO] 
and [Rol]. 
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3i=K(l/3):0,6 
4i = K(2/5) : -4, 0, 4 

51 =K(l/5) : 0, 10 

5 2 = K(3/7):0, 4, 10 
6i=K(4/9) : -4, 0, 8 

6 2 = K(4/11): -4, 0, 2,8 
6 3 =K(5/13): -6, -2, 0, 2,6 
l x =K(l/7) : 0, 14 

7 2 = K(5/11):0, 4, 14 

7 3 =K(4/13) : -14, -8,0 

7 4 = K(4/15): -14,-8,0 

7 5 =K(7/17) : 0, 4, 6,10, 14 

7 6 = K(7/19) : -4, 0, 4, 6, 10 

7 7 = K(8/21): -8, -4, 0,6 

81 = K(6/13) : -4, 0, 12 

8 2 = K(6/17) : -4, 0, 6, 12 

8 3 = K(4/17) : -8,0, 8 

8 4 = K(5/19): -8, -2, 0,8 

85 = K(l /3, 1/3, 1/2) : -4, 0, 2, 8, 10, 12 

8 6 = K(10/23): -4, 0, 2, 6, 12 

87 = K(9/23) 



-10, -6, -2, 0,6 



80 - 


= K(9/25) : - 


-10, -6, -4, 0, 2,6 




8n - 
09 - 


= K(7/25) : - 


-8, -2, 0, 2, 8 




O 

10 


= K(l/3,2/3,l/2): -6, -2, 0, 6, 8, 10 




81 1 


= K(10/27) 


-4, 0, 6, 12 




8 12 


= K(12/29) 


-8, -4, 0, 4, 8 




13 


= K( 11/29) 


-10, -6, -4, -2, 0,6 




8 14 


= K(12/31) 


: -4, 0, 4, 6, 8, 12 




8i< 
15 


= K(2/3,2/3,l/2): -16, -12, -10, -8, -4, 


— ? 


8l9 


= K(l/3, 1/3,-1/2) :0, 12 




Q 

°20 


= K(l/3,2/3,-l/2): -10, 0,8/3 




821 


= K(2/3,2/3,-l/2): -12, -6, -2, 0, 1 




9i = 


= K(l/9) : 0, 18 




9 2 = 


= K(7/15) : 0, 4, 18 




9 3 = 


= K(6/19) : - 


-18, -12,0 




9 4 = 


= K(5/21) : 0, 8, 18 




9 5 = 


= K(6/23) : - 


-18, -12, -8,0 




%- 


= K( 11/27) : 


0,4, 10, 14, 18 




9 7 = 


= K(13/29): 


0,4, 6, 10, 18 




9g = 


= K(11/31) : 


-8, -4, 0, 4, 6, 10 




9 9 = 


= K(9/31):0, 6, 8, 14, 18 




9io 


= K(10/33) 


-18, -12, -6,0 




9n 


= K(14/33) 


-14, -10, -4, 0,4 




9l2 


= K(13/35) 


-4, 0, 6, 8, 14 




9 13 


= K(10/37) 


-18, -14, -12, -8, -6,0 




9l4 


= K(14/37) 


-12, -8, -4, 0,6 




9l 5 


= K(16/39) 


-14, -10, -8, -4, 0,4 




9l6 


= K(l/3, 1/3,3/2) :0, 4, 6, 10, 12, 14, 16, 18 




9l7 


= K(14/39) 


-8, -4, -2, 0,4, 10 




9l8 


= K(17/41) 


0, 4,8, 10, 12, 14, 18 




9l9 


= K(16/41) 


-8, -4, 0,4, 10 




9 20 


= K(15/41) 


-4, 0, 2, 6, 8, 14 




921 


= K(18/43) 


-14, -10, -8, -4, 0,4 




9 2 2 


= K(3/5, 1 /3, 1 jT) : -8, -4, -2, 0, 2, 4, 6, 8, 


10 


9 23 


= K(19/45) 


0, 4, 8, 10, 14, 18 




924 


= K(l/3,2/3,3/2) : -10, -6, -4, 0, 2, 4, 6, 8 




925 


= K(2/5,2/3,l/2): -14, -10, -8, -6, -4, - 


-2, 0, 2, 4 
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9 26 = K(18/47) : -12, -8, -6, -4, 0, 6 

9 27 = K(19/49) : -8, -4, -2, 0, 2, 4, 6, 10 

9 28 = K(2/3,2/3,3/2): -12, -8, -6, -2, 0, 2, 4,6 

9 30 = K(3/5,2/3, 1 jl) : -10, -6, -4, -2, 0, 2, 4, 6, 8 

9 3 1 = K(21 /55) : -6, -2, 0, 2, 6, 12 

9 35 = K(l/3,l/3,l/3): -18, -12, -4,0 

9 36 = K(2/5, 1 /3, 1 /2) : -4, 0, 2, 4, 6, 8, 10, 12, 14 

9 37 =K(l/3,2/3,2/3): -10, -4, 0, 4, 8 

9 42 = K(2/5,l/3,-l/2): -8,0,8/3,6 

9 43 = K(3/5, 1 /3, -1/2) : -4, 0, 6, 8, 32/3 

944 = K(2/5,2/3,-l/2): -10, -2, 0, 1,2, 14/3 

9 45 =K(3/5,2/3,-l/2): -14, -10, -8, -4, -2, 0, 1 

9 46 = K(l/3,l/3,-l/3): -12, 0,2 

9 48 =K(2/3,2/3,-l/3): -4, 0,4, 8, 11 
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Oi - 
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—4 6 10 16 
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Oc - 
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-8, 0, 2, 12 


On - 
iu 9 - 


- K(1 1 /39 s ! • 

— IV 111 / J7 1 . 


— 1? —6 —2 8 

1Z., VJ, Z,, VJ, 


Oin 


— KY1 7 /451 

- — IV 11// T»7 1 


—14 —10 —6 —4 6 

IT, 1 VJ, VJ, T, VJ, VJ 


Oi r 


— KH 3 /431 

IV 1 1 .J / TJ 1 


— 8 —2 6 17 

O, Z., VJ, VJ, 1 z. 


On 


— KH7/471 


—14 —10 —8—2 6 

IT, l"i "1 \J, VJ 


On 

iwi 3 


— KY22/531 

1VIZ.Z,/ J j 


—8 —4048 12 

O, 1 , VJ, T, O, 1 


On 

LU14 


— KY77 /571 

1VI Z.Z, / „J / 1 


—4 4 8 10 1 2 16 

T, VJ, T, O, -LVJ, 1Z,, 1 VJ 


On 

LU15 


— KY1 9 /43~1 


— 10 —6 7 4 10 

1VJ, VJ, VJ, Z., T, 1 VJ 


On 


— KY1 

— ^^t/f-'J 


— 17 —6 —7 4 8 

1Z,, VJ, Z, , VJ, T, 


On 


— KC9 /41 • 


—10 —2 2 10 

1 VJ, £ij VJ, 1 VJ 


On 


— K('23 /"S5 1 ) 

- — - IV IZ.J / »y »y 1 


—8 —40248 12 

(J, 1 , VJ, T, O, 1 Z. 


0,n 


— KM4/'S1 1 

— - IV 1 It / .J 1 1 


— 10 —4 —7 7 4 10 

1VJ, T, _. VJ, Z., T, 1 VJ 


0-m 


— KM 6 /3S1 

IV I 1 VJ / _J J 1 


—4 7 6 16 

T, VJ, Z/, VJ, 1 VJ 


L "21 


IV 1 1U / TJ 1 


—4 4 10 16 

T, VJ, T, 1VJ, 1 VJ 


On 

Lu22 


— Kf'13/49'1 

IV 1 1J/T7 1 


— 12 —6 2 8 

VJ, VJ, (J 


Oil 


— KY23 /S9) 


—14 —10 —8 —6—4 6 

IT, 1 VJ, O, VJ, T, VJ, VJ 


O-M 


— KdAl^S 

— IV 1 ; J J 1 


—4 4 6 10 16 

T, VJ, T, VJ, 1VJ, 1 VJ 


10?=; 


= K^MS) 


-4, 0, 2, 6, 10, 12, 16 


io 26 


= K(17/61) 


-12,-6, -2, 0, 4,8 


L0 27 


= K(27/71) 


-14,-10, -6, -4, 0,6 


io 28 


= K(19/53) 


-14, -10, -8, -4, -2, 0,6 


10 29 


= K(26/63) 


-8, -4, -2, 0, 2, 4, 8, 12 


10 30 


= K(26/67) 


-4, 0, 4, 8, 10, 12, 16 


lo 3] 


= K(25/57) 


-10, -6, -4, 0, 2, 4, 10 


L0 32 


= K(29/69) 


-8, -4, -2, 0, 2, 4, 6, 8, 12 


10 33 


= K(18/65) 


-10, -4, -2, 0, 2, 4, 10 


u) 34 


= K(13/37) 


-14,-10, -4, 0, 2,6 


LO35 


= K(20/49) 


-12,-8, -4, 0, 4,8 


io 36 


= K(20/51) 


-4, 0, 4, 8, 10, 16 


L0 37 


= K(23/53) 


-10, -6, -4, 0, 4, 6, 10 


io 38 


= K(25/59) 


-4, 0, 4, 6, 8, 10, 12, 16 


10 39 


= K(22/61) 


-4, 0, 2,4, 6,8, 10, 12, 16 


10 40 


= K(29/75) 


-14,-10, -6, -4, -2, 0, 2,6 


1041 


= K(26/71) 


-8, -4, 0, 2,4, 6,8, 12 


L0 42 


= K(31/81) 


-10, -6, -4, -2, 0, 2, 4, 6, 10 


io 43 


= K(27/73) 


-10, -6, -4, 0, 4, 6, 10 



044 = K(30/79) : -8, -4, 0, 2, 4, 6, 12 

045 = K(34/89) : -10, -6, -4, -2, 0, 2, 4, 6, 10 

46 = K(l /5, 1 /3, 1/2) : -4, 0, 2, 6, 8, 12, 14, 16 

047 = K(l /5,2/3, 1 12) : -6, -2, 0, 4, 6, 10, 12, 14 

48 =K(4/5,l/3,l/2): -10, -6, -4, -2, 0, 2, 6, 8, 10 

49 =K(4/5,2/3,l/2): -20, -16, -14, -12, -10, -8, 
-4, -2, 

50 = K(3/7 ! l/3,l/2): -4, 0, 2, 6, 8, 10, 12, 14, 16 

5 1 = K(3/7,2/3, 1/2) : -6, -2, 0, 4, 6, 8, 10, 12, 14 

05 2 = K(4/7,l/3,l/2): -10, -6, -4, 0, 2, 6, 8, 10 

53 = K(4/7,2/3,l/2): -20, -16, -14, -12, -10, -8, 
-4, -2, 

54 = K(2/7,l/3,l/2): -10, -6, -4, 0, 2,4, 6,8, 10 

055 = K(2/7,2/3, 1/2) : -20, -16, -14, -10, -8, -6, -4, 
-2,0 

56 = K(5/7,l/3,l/2): -4, 0, 2,4, 6,8, 12, 14, 16 

57 =K(5/7,2/3,l/2): -6, -2, 0, 2, 4, 6, 10, 12, 14 

58 = K(2/5,2/5, 1/2) : -12, -8, -4, -2, 0, 2, 4, 6, 8 

059 = K(2/5,3/5, 1/2) : -8, -4, 0, 2, 4, 6, 8, 10, 12 
60 * = K(3/5,3/5,l/2): -12, -8, -4, 0, 2, 6,8 

61 = K(l /4, 1/3, 1/3) : -8, -2, 0, 6, 8, 12 

6 2 = K(l/4, 1/3,2/3) : -6, 0, 2, 8, 10, 14 

63 = K(l/4,2/3,2/3): -20, -14, -12, -8, -6, -4,0 
64 *t = K(3/4, 1/3, 1/3) : -8, -2, 0, 2, 4, 6, 8, 12 

65 = K(3/4, 1/3,2/3) : -6, 0, 2, 4, 8, 10, 14 

66 = K(3/4,2/3,2/3) : -20, -14, -12, -10, -8, -6, -4, 


67 = K(2/5, 1/3,2/3): -16, -12, -10, -8, -4, -2, 0,4 
68 * f = K(3/5, 1/3, 1/3) : -14, -10, -8, -6, -4, -2, 0, 

2, 4,6 

69 = K(3/5,2/3,2/3) : -6, -2, 0, 2, 4, 6, 8, 10, 12, 14 

70 = K(2/5, 1/3,3/2) : -8, -4, -2, 0, 2, 4, 6, 8, 10, 12 

071 = K(2/5,2/3,3/2) : -10, -6, -4, -2, 0, 2, 4, 6, 8, 10 

72 = K(3/5, 1/3,3/2) : -4, 0, 2, 4, 6, 8, 10, 12, 14, 16 

73 = K(3/5,2/3,3/2) : -14, -10, -8, -6, -4, -2, 0, 2, 
4,6 

74 = K(l/3, 1/3,5/3): -16, -10, -4, 0,4 

075 = K(2/3,2/3,5/3) : -8, -2, 0, 4, 8, 12 

76 = K(l/3, 1/3,5/2) : -4, 0, 2, 6, 8, 12, 14, 16 

077 = K(l/3,2/3,5/2) : -6, -2, 0, 4, 6, 10, 12, 14 

78 = K(2/3,2/3,5/2) : -16, -12, -10, -6, -4, 0, 2, 4 

0124 = K(l/5,l/3,-l/2):0, 15 

0125 =K(l/5,2/3,-l/2): -10, 0, 4, 32/5 
126 =K(4/5,l/3,-l/2): -14, -8, -6, -4, 0,8/3 

0127 =K(4/5,2/3,-l/2): -16, -10, -8, -6, -2, 0, 1 

01 28 = K(3/7, 1/3, -1 12) : 0, 8, 32/3, 16 

0i 29 * = K(3/7,2/3,-l/2): -10, -2, 0, 1,4, 20/3 

130 = K(4/7,l/3,-l/2): -14, -8, -4, 0,8/3 

0131 =K(4/7,2/3,-l/2): -16, -10, -6, -2, 0, 1 
0i 32 * = K(2/7,l/3,-l/2): -14, -2, 0,3/2 
0i33=K(2/7,2/3,-l/2): -16, -6, -10/3, -2, 0, 1/2 
0i34 = K(5/7,l/3,-l/2):0,4, 6,8, 10, 14, 50/3 
0i 35 =K(5/7,2/3,-l/2): -10, -6, -4, -2, 0,4, 6,7 
136 * = K(2/5,2/5, -1/2) : -8, 0, 1, 14/3, 8 

O137 =K(2/5,3/5,-l/2): -12, -8, -4, 0, 1, 14/3 
Oi 38 * = K(3/5,3/5, -1/2) : -8, -4, -2, 0, 4, 8, 9 
O139* 1 " = K(l /4, 1 /3, -2/3) : 0, 12, 13, 18, 20 
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1 Oi ^r. — 


KM /4 1/3 — 


1 fal • - 


14 8/"5 




1U141 


— KY1 /4 9/3 


— 1 fal • 




—9 9 0/9 


1 Oi <n — 
1W142 — 


If fa /4 1 fa — 


9 fa") • 
^/ J) ■ U, 








— KH/4 1 /3 


-1/31 ■ 


-14, -8, 


-6 -2 8/3 


10l44 = 


K(3/4,2/3,- 


1/3):- 


12, -8, - 


4, -2, 0, 2, 5 


10145^ 


= K(2/5,l/3, 


-2/3): 


-18, -6, 


-4, 0, 2 


10l46* f 


= K(2/5,2/3, 


-1/3): 


-10, -4, 


-2, 0, 2, 3,4, 20/3 


10l47 n 


= K(3/5,l/3, 


-1/3): 


-8, -4, - 


-2, 0, 4, 6, 26/3 



The program computes the Euler characteristic and 
number of boundary components of the "simplest" sur- 
face for each boundary slope. In the above knots, the 
only genus zero incompressible surfaces are the annuli 
in the torus knots 3i , 5i , 7i , 819, 9i , and IO124. The non- 
two-bridge Montesinos knots above with boundary slopes 
realized by genus one incompressible surfaces are: 

85: 12 

820: (non-Seifert surface) 
935: (Seifert surface) 
9 42 :6 

946: 2, (Seifert surface) 

10 46 : 16 

10 61 : 12 

IO125: 4 

10im: -4 

10132*: -2 

IO139: 12, 13 

IO140: (non-Seifert surface) 
10 142 : 12 
IO145: -6, -4 

Some more complicated examples: 

K(2/5, 3/7,-1/3, -5/8)* : -14, -10, -8, -6, -16/3, -4, 
-23/6, -2, -8/23, 0, 2, 4, 6, 8, 10, 12, 14, 16, 20, °o 

K(2/3, 1/3, -3/5, -3/4,3/7): -18, -14, -12, -10, -8, 
-6, -4, -2, -4/3, 0, 1/2, 80/51, 2, 24/7, 38/11, 4, 
16/3,6, 8, 10, 12, 14, 16, 20, °o 

K(l/3, 1/3, -1/3, -2/5, 1/5, -3/4,2/3): -16, -12, -10, 
-8, -6, -4, -2, 0, 2, 4, 6, 8, 10, 58/5, 12, 40/3, 122/9, 
124/9, 14, 102/7, 190/13, 76/5, 168/11, 142/9, 16, 
434/27, 146/9, 18, 20, 22, 24, 26, 28, 30, 34, °o 

K(-15/32,3/ll,7/41) t : -34, -30, -28, -26, -24, -22, 
-20, -18, -16, -14, -12, -10, -8, -6, -74/15, 
-4, -26/7, -2, -13/8, -16/17, -10/11, 0, 2, 44/19, 
40/13, 34/11, 74/21, 4, 6, 86/11, 8, 148/17, 10, 83/8, 
152/13, 12, 127/10, 216/17, 14, 272/19, 16, 167/10, 
18,20, 22,24 

K(ll/53, 17/43, -13/21): -36, -32, -28, -24, -47/2, 
-22, -62/3, -20, -39/2, -18, -390/23, -50/3, 
-16, -44/3, -594/41, -72/5, -14, -68/5, -12, -10, 
-48/5, -8, -13/2, -6, -28/5, -26/5, -14/3, -22/5, 
-4, -5/2, -2, -6/5, -2/3, -2/5, 0, 2, 3, 7/2, 4, 24/5, 



6, 15/2, 8, 44/5, 10, 23/2, 12, 38/3, 64/5, 14, 16, 50/3, 
18,20, 22, 24 

K(l/3, 3/5, -3/4, -2/7,3/11, -5/13)* : -14, -10, -8, 
-6, -4, -2, 0, 2, 4, 664/117, 6, 20/3, 38/5, 8, 62/7, 
9, 19/2, 776/81, 48/5, 260/27, 10, 32/3, 98/9, 11, 
58/5, 82/7, 12, 110/9, 112/9, 90/7, 13, 27/2, 122/9, 
68/5, 96/7, 14, 72/5, 44/3, 134/9, 15, 46/3, 108/7, 
78/5, 110/7, 16, 146/9, 148/9, 118/7, 17, 52/3, 35/2, 
88/5, 230/13, 124/7, 18, 92/5, 170/9, 96/5, 58/3, 
136/7, 138/7, 20, 106/5, 64/3, 43/2, 282/13, 152/7, 
22, 1 16/5, 24, 276/ 1 1 , 26, 28, 30, 32, 34, 36,38, 42, °° 

3 Preparing the table 

In this section I briefly describe the precautions taken to 
insure that the table in Section 2 is correct. I first noticed 
errors in the table in [HO] when comparing it with the 
output of a program that computes the normal boundary 
slopes of a knot (that is, the boundary slopes of all sur- 
faces which are normal with respect to a choice of trian- 
gulation of the exterior of the knot). The data in Section 2 
is consistent with the normal boundary slope data. Fol- 
lowing the algorithm given in [HO], but without reference 
to the program used in computing the table there, I wrote 
a completely new program to compute boundary slopes. 
I then compared its output with the output of Hatcher and 
Oertel's program. When the output differed, I debugged 
both programs until I found the source of the problem, 
and then fixed the appropriate program. Eventually, af- 
ter the new program and the fixed version of Hatcher and 
Oertel's program had agreed for thousands of trial Mon- 
tesinos knots, I declared victory and went home. 

Unfortunately, there remained several cases where I 
implemented the algorithm incorrectly and Hatcher and 
Oertel's program also made a very similar mistake. Com- 
paring the 1999 version of this note with Marc Culler's 
computations of A-polynomials [C], Thomas Mattman 
found some additional errors, leading to this 2010 revi- 
sion. For the table of knots with at most 10 crossings, 
the 1999 version of this note is strictly better than [HO], 
i.e. some errors were corrected but no new ones were in- 
troduced. Hopefully, the tables are now completely cor- 
rect, but it is possible that errors remain. 

One source of problems in the table in [HO] is a slight 
error in the main body of [HO]. The remark immedi- 
ately preceding Proposition 2.7 gives conditions that are 
claimed to be equivalent to certain hypotheses of Propo- 
sitions 2.6 and 2.7. It was this reformulation of these 
propositions which was used in Hatcher and Oertel's pro- 
gram. However, the conditions given in the remark are 
not in fact equivalent to those given in the propositions. 
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My program used the original formulation. 



4 Getting the program 

The programs I used in preparing this note are avail- 
able at http://dunfield.info/montesinos. They 
are written the programming language Python, and you 
will need a Python interpreter to run them. These inter- 
preters are available, for free and for almost all platforms, 
from http : // python . org. 
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